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§ . Cechcomp

1. Definition a- simplex on a set I

be a set f fo , n] = { n c- IN ; ◦ ≤ m ≤ n }

Ane✗ is a function 0 :[o, n] → I

& let In be set of n - simplices .

St . for 0 am ≤ n -11 ; 7 maps

⇔ 2m : In + , → In Comit m* vertex)

0 ↳ (ol : k↳ {
◦(k) if Kam

04<+1) if K ≥ m )
ÉechGmp

zoo let ✗ be a top . space .
& 9- be Psh/✗ (of abelian yes )

set U :=(Ui) ; ←I open cover of ✗ .

For n - simplex 0 c- In
;
let vi. = A { Umm, ; mc-6.nl}

( intersection of members of U 12 so open set of ✗ }

For new , C
"

( U
,
F) = IT FIL)

0 C- In



The 2m ( * ) induces

2m : C
"

µ , F) → E' CU, F)
U

l sod '→ ( Foi ) = sam.rs

& set ltn :

n -11

dn = I C- 1)
m

am :(
"

(a.7)→ C
""(U > F) ¢@ bombing)

m=O

( Apply dod ⇒ each term appears
twice w opposite signs ]

Thus d2--0

So 9 µ, 7) becomes a complex :Éechamp
( belonging

to UF )

• w/ 6¥ : Ñⁿ(u , 7) = Ñ " ( ECU , F))



3. ¥4 . Ñ°(V. F) is kernel of the map .

C.
◦

(UF) → C
' CU
,
7)

" "

ITFCU ;) →IT Fluinuj )
i c-I [ i,j)eI✗I

it it

( si ) ↳
, uinujlsj )

- Pui
, uinuj

( si ) )

12 if F is a sheaf , we have Ñ°(U
,
F) = FC ) .

-

§ • Refinements of coverings
-

Two open coverings U= (Ui )ie± R V -

_ (g) je ]

VÉf iff 3- refinement r : J → I sit.

tje] Vj ≤ Urcj )

• This induces a morphism of complexes

r
'

: [
•

( U, F) → (
• (V. F)

from IT 7 @ a) → IT 7 /Vz)
F-In ZEJN



so ↳ tz ( = pork)
ve
"
re )
) )

rte ) map
induced by composition from Jn to In

.

• tf r ' induces morphism of tech cohomology
ñ : H

" (U
,
F) → H

" (V. F)

b- • temma If V is a refinement of U f r, , re :J→I
are Ñmap, then they induce some morphism

of tech cohomology .

T
,
= rj : H

" CU ,
F) → H

"

(V. F)

proof .

[ idea : homotopy maps induce same cohomology morphism)

Maps ri R ri are
homo topic morphisms of complexes

by homotopy :

kn : C
" " CU,F) → Cn CV ,F)

So 1-7 tz

where tz = -2
" C- 1)

"

P
"
"

(Sza)
1<=0 V2



if m ≤ k for
and where calm) = {

r
, le Cm ) )

Melo, a -11]

v2 ( 2cm -1 )) if m > K

Apply 2.2 : i. e- We have honotopio maps kn

use : chain homotopy
CU

,
7) c

" ' fait )

% H %
Elvis ) É icvit)

st.tn , din, ka , + kndn -_

gn
- hn

which
'

induce same cohomology morphism .
☐

§ . Eechcohomdogyq-presheag-F.nl#-
6 • Definition

Abelian
gps

Hh Ge
,
F) form a directed system as U

vaniesonwopencorrf . ( over finer & fiercer)

Ñ " ( × ,7) ÷ Ing H
" CU , 7)

u



• May happen this class of open
cover of ✗ is not a set

.

In that case

• If V is a refinement of U , the morphism
r

'

:c
.

(U ,
7) → (• CV

, F)

depends on choice of r → I ; although KIF : HCU) →

• So may have a problem in defining direct system of CCU,F)

to be able to obtain exactcohomologyghene .

• In ( Godement )

let 12$) be set of open covers d)*✗
indexed by

✗ S.f. V- ✗ c- ✗
,

✗ C- Ux .

◦ then, define a preorder on ✗ by
V ≥ U iff it ✗ c-✗ Vx ≤ Ux

• so we obtain a canonical refinement map ✗ % ✗

when V ≥U
.

• This allows a morphism of complexes

C.
•

(Uif) → CV
,
7)

• Can now define C 7) = time
>

HER

CHU ,7)



• Use fact that liar is exact
,

then can define

in [✗it) = HⁿCC•C✗,7))

§.ie#me-xa-2-EnPsh1x)8.-heorem-
.

{ Ñ
"

[× , -) ; new } is an exact 2- functor

Psh /✗ → Abgp-

Pf . An exact seq .
◦ → p→ → R→0 in Pshlx

tree 12 gives
exact seg of complexes

◦→ ECU, p>
→ CTU, a) → C•(u , a)

→0

Apply big
leer

* get

0 → [
•

[ ×, P) →
C•C✗ , a) → c•C✗,R

) -70

(by 2- 12 : since Pshlx is Ascot ,

3- 2:11
"

[ ✗
,
R ) → H

" ' ( X, P) St. 3- LES of cohomology )

& this means we have the desired LES of cohomology

◦ → H°( X , P )→H4✗, →
WAR) -5 H' [X, P) → .

_ .

→ . _ picx, a) 3h
"" A

,
P) . .

☐



To identify Ñ " fu , 7) = Hncxif) , need to:÷i÷÷÷::÷:.÷
.

where in : Psh /✗ → Ab

Proceed in number of steps
( • 11)P ) = H°C✗ , P)

2- Ñ " ( ✗
,
E) =o for

E injective (effaceable ) I • 12)

3 Ñ " ( × , -3 forms an exact 8- functor if I
• 13 )

a. stratification is isom . ,(this statement is equivalent to )

{ b. Ans c-Psh /✗ having zero sheafification in which case,

ticks)=o ( • 14 )

(3.) Holds for any top. space ✗ for
n = {91 }

( as )
(w/ tech - to - derived function spectral sequence )

And if ✗ is paracompact for any n . ( • 16)

In paracompact ✗ ,
can verify P is F-acyclic _

(next lecture ..Then

em : If P sheaf on ✗
,

d U open cover of ✗ .

If P is acyclic on every finite intersection of elements of Viken

tin CU, P ) = H
"

( X , P) .



" • By (•3) If PEPSHX
is a sheaf on ✗ then

Ñ° (Xp ) =p ( ✗ IP ) = H°(
×
,
P)

-

If we restrict Ñ "

CX
, -7 to Sh /✗ ( of d. gps )

this may
not be 8- finding because exact seq

. in

8h /✗ are'ÉiI
.

• A SES in Shlx :

Otp → ☒→ R → 0

has_ shirker (f)

• Sheafifyinginpshlx we get
>
R

Iq0 → P → = Pshcokerff) →0

exact in Psh

Sheafification induces natural maps

icx,R)=Ñ°C✗,r, fatso V- i > 0

ii. exit ) → tix ,R)
↑

◦ → Ñ°(✗,p) → ÑC✗, a) → Ñi×,R
' ) → Ñ 'Cx,p)

. .
.

→

THEE



Now we are ready to compare two •homologies :

Recall by § 5.2.13 R•P → Ñ• are isomorphisms
of 2- functors if IT is effaceable . & exact

( the universal property)

12 • Lemmy . If F injective sheaf (of ah gps ) on ✗ for n>
o

then Ñⁿ( × , E) =
0

"

( i.e. H' * (×
,
-7 is effaceable on 8h/✗ )

☐

proof .

( 5.4.12 Tennison )
-

Now we are left to study the exactness of Ñ•

12 If Ñ• forms an exact 2- functor then

by up H
" (%-) -5 Ñ

" (× , - ) for ◦≤ n≤ a

=
B • 14 • (✗ , -3 forms

an exact 8- functor when

a. If R
'

c- Psh /✗ with sheafifiation R Then

F induced tech cohomology map Ñh(✗,R' )%Ñⁿ( ×,R)
is an isomorphism .



↳
'

let Se Psh /✗ set
.

3- SES ◦→ R'→ R → s → o

in Psh /✗
.

This means S has no stratification
( i. e. sheafification is Zero sheaf ) Iso F LES in Cohon .

in - " (✗d) → Ñicx ,R
'

) →
"

H
" CDR) → ÑC✗,s)→ . _

Clearly (a) equivalent to saying

b. If s c- Psh /✗ with zero sheafilid.im/hentThCX,s)=0
-

✗3.) is true for n = { 0,1 } without
any

other

hypothesis on ✗ .

14 . Thnx For n=0
.

'

let ✗ be a top . space R S is a presheaf w zero

Shea filiation then Ñ°C✗ , s ) =0

Hence
, Ñ° forms an

exact
, effaceable

2- functor on Shu /X .

R so for any sheaf F on ✗

Ñ° (× , F) I 11° (✗ it

Pw 5.4.14 Tennison
☐

-



• Aside

icech-to-derived.functorspectnaseghencescompu.toderived functors of composition of two functors based on

information of derived functors per & µ .

theorem [Grothendieck 3-8-13

let ✗ be a top. space U
the open cover .

Then

there exists a cohonologial spectral functor on Sh /✗ conveying
to graded functor { H

" [ ✗it } whose initial term

is HP (U , ✗
9 (7) ) = : EÉ9

where V9 (7) denotes presheaf U t 11916,7)

corresponding to v9
"

X & H
" ( U it> its sheaf cohomology .

This spectral sequence gives natural transformation

HP (U ,7) → HP (✗ it)

corollary @• 3<8-2 : Tech - to - derived spectral Sg ]

✗ arbitrary top . space . Then 3- aspectual functor

on Sh /× converging
to H

"

[ ✗ it) whose

initial term is given by
EPI (7) = ÑPC✗ , V97) )

Naff) as above .



And the spectral sequence gives a natural

transformation tip [×,F) → HPCX ,F)

There exists 5- term exact sequence of
low degree in is.

◦ → Éi°→ E
'
→ Ez

" '
→ EÉ°→ Ez

which is

◦→ is '

[×,F) →
n' exit> → Ñ°C✗,n%⇒)→Ñ4x,⇒→Ñ⇔

15 . For n = 1 : Need to show E-
' "=0

i. e- Ñ° ( ×, N1 (F)) ⇒
so we have the Bom

.

it ' (✗ it) E.tl
' (✗ if)

Proof : Use

kmma_ For any
F c- Styx , Ñ°(✗,ÑlFD=0 *

q
> ◦

.

PHI . We show

•

stratification of NY EF)
= 0 Hp > 0 .

Consider factorization of identical functor ids of
Sh /✗ :

Sh / ✗ É Psh /✗ #¥Éʰ
"

Sh /✗ .

We know sheafifiatim

function #
is exact

,
so 129 # =o for q

> 0 I in particular

each object in Psh /✗ is # - acyclic . .
So 3- * 9- c-S

a

spectral sequence EPI = RP # (✗917)) ⇒ EP-19 = RP-19 ids (F)

which is functional in F.



Since RP # = 0 also for same reason as earlier

we have EPI = o por p >
0

.

This means Raids (F)
I H9 (F)

# it q .

But we have Raids =0 R so 219 (F)¥0

as well .

I

Now •

we have Ñ°C✗ ,
219 (F) 7=0 ,

in particular
& so with the

shown Wtf) has zero stratification

help of the spectral sequence
can identify

it '( ✗ it> ⇒ H' → ◦ → .
. _

◦ →

-

Next if
"

HP has zero sheqfiafim it p > 0 ,

it will be an
exact , effaceable d- functor &

we can identify it w HP



• 16 Isomorphism of tech & sheaf cohomology
#

Require : Agdioity of sheaf on

every finite intersection of
-

elements of U

i - e . U is acyclic for 9- if t Vo
,
- -

,
Un EU

Rti ≥o ,
Hilton

_ . _
nun ,F1u◦n . _ non )=°

[ Garrett § 10]

Them (Kray ) : ÑⁿCU ,
F) ⇒ Hncxit) if the

above holds
.

proof .

For ii. 0 : ✓ ( = • 11)

: Use induction .

Embed 9- in an injective sheaf 9 I let Q be the

quotient sheaf then we have

◦ → 9- → 9 → ☒ → 0

For all non - empty n -11 intersections U = Ven - - Ona

of elements of the cover U ,
we get a LES of

cohomology Cas right derived functor )

◦ → 11° [ U , Flu ) → n°0,9 /a) → HIV , a) → HYO
, Flu)→

- -
- → Hi CV , g- µ ) → Hicv , Blu ) → Hi CV ,Q1u1→ .

_

By the aoydicity hypothesis of U for
7
,
H' with )=o



so we get / since HIV / → = TCX
, -3 )

o → T ( V /7) → Pcv , 9)-→ Mv
,

a) → 0

And from higher degrees of LES
, invoking the acydicity

of U for 9- & acydicihg of injective Sheats , we

can conclude that for is
°
,
Ñi CV

,
= 0

i.e. the same cover U is also acyclic for quotient sheaf Q .

• By taking products of the exact sequence ,
we get

for the cover U ash exact sequence of complexes

◦ → c. Curt) → CTU , g) → CCU , a)
→ 0

Getting this SES was the point for assuming acydicib
◦tutor -7.

Now LES of cohomology of this complexes is

◦ → % (U, F) → Ñ° (U , 9) → Ñ°Cu , Q) -
-

→ i' CU , F) → Ñ ' Mi) → Ñ ' Cu , → - -
-

- -
- → Him,

F) → Ñ :( U , 9) → is :( re ,Q)→ . .

Then ÑÉU
,
9) = 0 because 9 is injective .

So the LES breaks into smaller exact sequences
•

◦→ tool ,7) → Hcn , 9) → ice , a) → ticuif
) →◦

◦→ ñi
- ' Cu , a) →

"

Hive ,F) → 0 for ti≥ 1 . } *



• Now for ( HP ) sheaf cohomology .

We have analogous exact
seq . A) from the LES from

◦→ 9- → 9 → ☒ → 0
, [also assuming injecting)

like above

• Then comparison map
.

Natural vertical maps : commutative due to injective resolutions
.

◦ → I • CU
,
F) →

"

Hocus ) → Ñ°CMQ) → Ñ ' CU
,
# →o

↓ id ↓ ↓ t

o → H°( U ,
F) → HIM , 9) → HEY, → H'Cait →0

By diagram chasing this implies it
' CU

,
F) EH '(✗ if] .

Furthermore , we have

◦ → is i -1 Cu , →

"

Hi CU ,7) → o

↓ ↓

0 → Hi - ^ ( X ,Q) → Hi [ ✗
,
F) →0

with vertical arrows as natural maps
.

The cover U is acyclic for quotient Q so by
"
induction

"

we know tii
,
ii - ' CU

,
☒ 7=0 .

Then by induction all natural

vertical maps must be isomorphisms. THE

Remark.tw?Pa#FydiabHU hold

R the hypothesis of Leroy than is true . ( Next lecture )



§ . 17 . Connection to Picard group

( classification
can be done w Tech methods)

let IX.%) be a ringed space .

• Det .

An invertible 0- mod M is given by following data :

a. an open covering U=(Ui )ie , of
✗ Et . HIEI

Mlu ; ± Qui
b. for each i,j c- I , 7 isom . of 0 / cuing. )

-

modules

⊕ Quinn;)
⇒ ° / cujnui )

( and also E- Mlcuinvj ) )

Recall.at/.5-2--:x,O)-EndOl=Homc0.0)) is ring isom v1 Composition

as multiplication, sending sercx , O) to an endomorphism given over

U EX by multiplication by restriction pics) :

TCU .cl ) → PCU , 0) : 1- pies > • t

& hence, At 0
% Pcxio)* the gp

. of units of PMO
)



This implies (b) is equivalent to giving
a unit fij c- ↑ ( U ; nuj , 0) ( i,j ) c- I

✗I

(so that isom . of (* )
is multiply by fij )

• An assignment U t ( PCU , O ) )
*

=

gp
- of units of TCU

,o)

defines a sheaf 0 ☒

of ab . gps (under multiplication
)f

the fij gives an element

c- C
'
CU , 0*1

g- = ☒ ij )
[ is;) c- In

• Note
,

looms . of (b) (*) are compatible w triple intersection

Uinvj n Un , so f- is in fact a coyote , i.e .

f- c- Ker Cd ,
:c
" CU ,O* ) → ECU,o*) )

=: Z
"

( U , )

• Conversely / Also note

- given f- c- Z
' CU

, 0*1 can construct 0- mod M

by gluing copies of
0 / cuing. ) (by f- as

in (D)



• So will have defined a map

{ : Z ' CHO 'T → Pick)

in { : { isom . classes of invertible sheaves trivialized by 'll]

i.e V-i.CI MIU
;
I Olui

• 2 is morph. 9- ab -

gps by

composition of
•cycles → operation on Pic ✗ by ④

• Note : 1ffijZ then the invertible sheaf

M constructed from f- as above is trivial .

i.e. MEI

• Now we have a global section
PCX ,O*) ⇒ 1 ,

let gi
c- ↑ Cui - M ) be the corresponding section

.

Then ( by b) i. e. multiply w fij ,
we get

ti ,j
c- I gj = fijogi

on uinuj



So f- is a •boundary i. e.

f- c- Ian [ do : CTU ,O* ) → CTU,0*1

• So & induces an injection wilt same im (3)

H' CU , E)→ Pics

[ since every
inn sheaf is trivial over some covering

&

refinement maps are compatible w Z )
,
we

have

• Treinen .
7 Isom . of Abgps

H' [ × , * ) I
'

( × , 0.* )E Pic ✗ .

• t-xamp.C.mg#-imRaYric)
then F sheaf morph O→

- o
't

€ valued f- ↳ eat it

& a SES : o → z→Ñ → ¥ → o
↑

Const sheaf [of E-
valued function )

& associated map pic ✗ = H' 6,0
"

) % H4✗ ,
-2 )

.
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